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Elastic Anisotropy and Anchoring Effects on the
Textures of Nematic Films with Random Planar

Surface Alignment

CESARE CHICCOLI,1 PAOLO PASINI,1

AND CLAUDIO ZANNONI2

1INFN, Sezione di Bologna, Bologna, Italy
2Dipartimento di Chimica Fisica ed Inorganica and INSTM-CRIMSON,
Bologna, Italy

We present a Monte Carlo study of topological defects in nematic films with random
planar boundary conditions. The polarized microscopy images and their evolution
are analysed in uniaxial systems for different anchoring strengths and film
thicknesses.

Keywords Biaxial nematics; computer simulation; Monte Carlo; topological
defects

Introduction

Monte Carlo simulations of lattice spin models have revealed useful in studying
Liquid Crystals ordering and phase transitions in the bulk and in confined systems
[1]. For instance, we have shown that this technique is useful in investigating
sub-micron droplets with fixed (radial and planar) surface anchoring mimicking
polymer dispersed liquid crystals (PDLC) [2,3], twisted nematic displays [4] and thin
nematic films [5,6]. The large number of particles which can be currently simulated
on a lattice (105� 106) allows us also to simulate the optical textures, as can be
obtained by a polarized microscopy experiment, with a sufficient number of pixels.
The prototype model for this kind of investigations is the Lebwohl-Lasher (LL) one
[7,8] which was the first lattice system put forward to successfully simulate the orien-
tational properties of a nematic. This model has obtained a great success because,
despite its simplicity, it captures the essential orientational properties of a nematic
and of its clearing transition [8]. One of the limitations of the model is that it yields
the three elastic constants as equal, as the potential contains only one, scalar, inter-
action energy term [9]. We have shown in various papers that also in this
one-constant approximation some of the characteristics of nematics, like the creation
of topological defects in confined systems, can be reproduced using Monte Carlo
computer simulations [5,6,10].
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While for low molar mass liquid crystals the differences between the Ki elastic
constants are normally small [11], the need for accounting in a simple way the effect
of different elastic constants is particularly important for various systems where the
elastic constants are likely to differ considerably. In particular, large differences in
elastic constants can be expected in polymer liquid crystals [12,13] or in liquid crys-
tals originated from long virus like TMV [14], nanotubes [15] or other nanocrystal
suspensions [16].

Establishing a direct relation between molecular structure and elastic constants
or even just predicting relative changes in elastic constants following changes in mol-
ecular structure would be of great importance, but has proved a considerably
difficult task even if some approximate treatments exist.

For instance, deGennes [17] observed long time ago that splay distortion
should be unlikely to occur, and correspondingly K1 should be very large for sys-
tems of long rods, because of the crowding of rods at one end caused by splay.
This was experimentally observed by Sun Zheng Min and Kleman [18] who found
for a main chain polyester K1¼ 3� 10�12N � 10K3. For another polyester
Volino et al. [19] found K1 � 2–3K3. Considering approximate analytical formu-
las for the free elastic energy of the different types of defects Kleman [12] noticed
long time ago that two brushes (topological charge s¼ 1=2) defects should be
favored. We discussed this in [10] when considering the possibility of using the
observation of two brushes defects as a test of nematic biaxiality as suggested
by Chandrashekar [20].

Assuming phase uniaxiality, measuring geometrical features such as disclination
radii of the s¼ 1=2 defects has been suggested as a means to determine at least some
elastic constants in polymer liquid crystals from Transmission Electron Microscopy
(TEM) images. In particular Hudson and Thomas [21] found in this way the elastic
anisotropy e¼K1�K3)=K1þK3) to vary from negative (�0,15) to positive (þ0.20)
in two very similar hydroquinone based polymer. TQT10H and TQT10M differing
only by a replacement of a hydrogen with a methyl. Incidentally this shows that it is
extremely difficult to make prediction on elastic constants based on similarity of
molecular structures, differently from simple expectation such as that of deJeu
et al. that K1:K2:K3¼ 1:1:(l=w)2 for a molecule of length l and width w [22]. Given
the importance of relating elastic constant to texture a number of numerical
treatments based on minimization of the continuum free energy have put forward,
particularly by Windle and coworkers for polymer liquid crystals [23] and by Killian,
Hess et al. [24].

Going back to microscopic simulations, the introduction of biaxial contribu-
tions [25,26] or other more complex spatially anisotropic interactions [27,28] in the
pair potential potentially lifts the degeneracy of elastic constants of the simple LL
model. However, as elastic constants are not directly predictable from the micro-
scopic model they would have to be calculated as observable properties, a task of
considerable difficulty in itself [27,28]. If the aim is, like here, a study of the effect
of elastic constants of the topological defects in nematic films this would imply mod-
ifying the pair potential in a more or less arbitrary way, and calculating on one hand
defects and on the other elastic constants and other related observables such as order
parameters. Thus since elastic constants and defects are in this fully microscopic
approach both observables (i.e., and results of the simulation) establishing a relation
between them is a rather indirect process. A much more direct approach has been
provided by Gruhn and Hess [29] and Romano and Luckhurst [30,31] by introducing
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a pseudo pair potential that directly depends on classic splay, twist and bend elastic
constants K1, K2, K3.

Here we wish to show that a simple application of the Gruhn-Hess-Romano-
Luckhurst pseudopotential [29–31] coupled with Monte Carlo simulations can be
a very effective way to treat the onset of textures and their evolution in a variety
of situations. We concentrate in particular on thin uniaxial films with random planar
(Schlieren) conditions and study a number of cases with various elastic constant
anisotropies.

The Model Systems

The Gruhn-Hess-Romano-Luckhurst model [29–31] consists of a system of interact-
ing centers (‘‘spins’’) placed at the sites of a certain regular lattice, here taken as
cubic. The Hamiltonian is written as follows:

UN ¼ ð1=2Þ
X

i; j2F
i 6¼j

Ui; j þ j
X

i2S
jEs

Uij ð1Þ

where F, S are the set of particles in the bulk and at the surfaces, respectively, and the
parameter J models the strength of the coupling with the surfaces. The particles
interact through the second rank attractive pair potential:

Uij ¼ Ei; jfk½P2ðuj � sÞ þ P2ðuk � sÞ� þ l½ðuj � sÞðuk � sÞðuj � ukÞ � 1=9� þ vp2ðuj � ukÞ
þ q½P2ðuj � sÞ þ P2ðuk � sÞ�P2ðuj � ukÞg ð2Þ

Where eij¼ e for nearest neighbors and zero otherwise, determines the interac-
tions strength and

k ¼ ð1=3ÞKð2K1 � 3K2 þK3Þ;
l ¼ 3KðK2 �K1Þ;
n ¼ ð1=3ÞKðK1 � 3K2 �K3Þ;
q ¼ ð1=3ÞKðK1 �K3Þ

with K1, K2, K3 the splay, bend and twist elastic constants. K is a factor which, for
dimensional consistency, has the dimension of a length. The vectors s and r are
defined as follows: s ¼ r=jrj; r ¼ xj � xk, with xj, xk dimensionless coordinates of
the j-th and k-th lattice points. uj, uk are unit vectors along the axis of the two par-
ticles (‘‘spins’’) and P2 is a second rank Legendre polynomial. Notice that the
pseudo-pair potential Eq. (2), although it has formally the same mathematical struc-
ture of the LL one, is temperature dependent through the elastic constants Ki. More-
over, as far as interpretation goes, in the original microscopic models the spins
represent a cluster of neighboring molecules whose short range order is assumed
to be maintained through the temperature range examined [1]. Here ui, uj, r represent
similarly the local director at two neighbouring sites i,j separated by vector r. In the
one constant approximation as a special case, i.e., k¼ l¼ q¼ 0, reduces to the
simple Lebwohl-Lasher (LL) potential [8,9]. While in simulating bulk systems [32]
periodic boundary conditions are employed, in the case of confinement the boundaries
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are implemented by considering additional layers of particles, kept fixed during the
simulation, with suitable orientations chosen to mimic the desired surface alignment
[33].

Here we present an investigation of uniaxial nematic films with ‘‘Schlieren’’ ran-
dom planar simulated and study the effect of varying elastic constants, anchoring
and film thickness. To start with, we consider, however, the one-constant approxi-
mation case [5,10]. In this and in the rest of numerous cases treated in the paper,
the starting configurations of the lattice are chosen to be completely aligned along
the z direction and the evolution of the system is followed according to the classic
Metropolis Monte Carlo procedure [34].

Polarizing microscope textures were simulated by means of a Müller matrix
approach [35], assuming the molecular domains represented by the spins to act as
retarders on the light propagating through the sample observed between crossed
polarizers [36].

Simulations and Results

The following parameters were employed for computing the optical textures: film
thickness d¼ 5.3 mm, ordinary and extraordinary refractive indices no¼ 1.5 and
ne¼ 1.66, and light wavelength ko¼ 545 nm.

As mentioned before we have investigated uniaxial films with different anchor-
ing at the surfaces and now we report results for the various cases studied.

The first case we present is a 100� 100� (10þ 2) system in a Schlieren geometry,
where the orientations of the ‘‘surface spins’’ are random and planar at the top and
bottom surfaces. We analyze the effect of the anchoring coupling strength on the cre-
ation and evolution of defects (Fig. 1 in the one-constant approximation (LL model).

We see from Figure 1 that the system evolves from the initial dark state to
various somewhat different textures. It can be noticed that, for this thickness, a
coupling with the surfaces of the same strength of the nematic-nematic interaction
(i.e., J¼ 1) is not sufficient to maintain the network of defects which is created
after a few thousands of MC cycles. In other words, for this anchoring and thick-
ness, the surface seems to dominate over the system. We have checked that this is
the case also for higher values of interactions with the surfaces, i.e., J¼ 1.5 and
J¼ 2.0 (the results are not shown for reasons of space). Decreasing the coupling
with the surface the MC simulations show instead that a typical coarsening net-
work presents mainly defects with four dark brushes and thus strength k¼�1
(the director rotates by 2p around the defect center), Figure 1 [10]. The defects
tend then to disappear by pair annihilation þ1–1¼ 0 after longer simulation
cycles [10]. The defects k¼�1 are not singular, as the local director n reorients
along the vertical axis [10]. In contrast to the well known ‘‘escape into third
dimension’’ in a cylindrical sample [37] surface anchoring at the bounding plates
hinders reorientation by forming a pair of point defects-boojums capping the line
at the plates [10]. Reducing again the coupling with the surfaces the number of
defects created in the sample decreases until reaching a complete absence of
defects when the anchoring strength is very low (Fig. 1, bottom row), J¼ 0.1.
In that case the ordering effect of the potential dominates the disordering effect
of the boundary conditions and, at the low temperature deep in the nematic phase
at which the simulations have been performed, the whole systems tend to be
aligned along a preferred direction, the z one of the starting configuration.

4 C. Chiccoli et al.
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These considerations can be quantitatively confirmed by looking at the values of
the order parameter <P2> calculated for the whole system: they are lower when the
number of defects is larger. For example the values of <P2> correspondent to the
cases presented in Figure 1, last column from the top, are the following J¼ 1.0,
<P2>¼ 0.42; J¼ 0.8, <P2>¼ 0.57; J¼ 0.6, <P2>¼ 0.31; J¼ 0.5, <P2>¼ 0.28;
J¼ 0.4, <P2>¼ 0.54 and J¼ 0.1, <P2>¼ 0.66.

Fairly similar results can be obtained by increasing the thickness of the film which
corresponds to an interaction with the surfaces increased by about the same multipli-
cative factor. This is evident from the results shown in Figure 2 where the defects
observed for J¼ 0.5 appear for a 100� 100� 22 system when the coupling is J¼ 1.

Focusing on a coupling J¼ 0.5 we have then investigated a system with the same
geometry where different combinations of the elastic constants values have been
taken into account.

The results, reported in Figures 3–8, show how the different elastic constants
contribute to the appearance of defects. It is clear that a moderate increase of the

Figure 1. Simulated polarized microscopy images of a LL (K1¼K2¼K3) uniaxial nematic
film in a Schlieren geometry as obtained from Monte Carlo configurations. The images are
taken after 1000, 2000, 5000, and 10000MC cycles with the sample between crossed polarizers.
The system size is 100� 100� 12, the reduced temperature is T

� ¼ 0.4 and the anchoring
coupling with the surfaces are J¼ 1, 0.8, 0.6, 0.5, 0.4, 0.1.
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strength of one of the splay or bend (K1 and K3) constant over the other two (v.
Fig. 3) favours the appearance of four brushes defects, while increasing only the twist
elasticity no defect is created.

However, when the strength of K1 is further increased and becomes much higher
than the other ones (see Fig. 4, first row) the splay distortion does not induce the
formation of defects. On the contrary the singularities are still created with a very
strong bend constant (see Fig. 4, last row).

The importance of the K1 and K3 with respect to K2 in the formation of defects
is also evident by looking at the results shown in Figure 5–8 where all the cases with
different combination of the three elastic constants taken into account are presented.
It is clear that a high value of K2 does not allow a creation of defects as it is for a very
strong splay constant in comparison with the twist and bend ones.

Examining the pseudo-potential in Eq. (2) it is apparent that it depends linearly
on Ki, so that a scaling factor n, for which Ki ¼ n K0

i can be absorbed in e. This in turn
means that the temperature as appearing in the Monte Carlo Boltzmann average
becomes T� ¼ kT=e¼ kT=(en)¼T0n. In other words, when all the elastic constants
are scaled by the same amount, the textures correspond to a similar system with a dif-
ferent ordering. For this reason even though the textures are to some extent invariant
to a scaling factor such as n we give explicit values for all three Ki in the figures.

Apart from the ideal case values studied we have also performed simulations for
experimental elastic constant data taken from literature [38,39] for the 5CB, MBBA,
and TMV.

The results are shown in Figure 9 and we can notice that the texture can be
compared with the test cases here presented. It is evident that the defects appear
when the bend and splay constants are approximately of the same strength and
stronger than the twist one (5CB and MBBA). The case of the Tobacco Mosaic Virus
is less clear because two brushes defects seem to be created.

Figure 2. As in Figure 1 for a system size 100� 100� 22.
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D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
4:

05
 0

8 
A

ug
us

t 2
01

2 



Figure 4. As in Figure 3 for higher values of the elastic constants Ki¼Ki
� � 10�12N.

Figure 3. Simulated optical patterns for a nematic film in a Schlieren geometry as obtained
from a Monte Carlo simulation of a Gruhn-Hess potential for different values of the three
elastic constants. The images are taken after 5000 and 10000MC cycles with the sample
between crossed polarizers. The system size is 100� 100� 12, the reduced temperature is
T

� ¼ 0.4 and the anchoring coupling with the surfaces is J¼ 0.5. The values of the elastic
constants Ki¼Ki

� � 10�12N taken into account are reported in the first three columns.
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Figure 6. As in Figure 3 for higher values of the elastic constants Ki¼Ki
� � 10�12N.

Figure 5. As in Figure 3 for higher values of the elastic constants Ki¼Ki
� � 10�12N.
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Figure 8. As in Figure 3 for higher values of the elastic constants Ki¼Ki
� � 10�12N.

Figure 7. As in Figure 3 for higher values of the elastic constants Ki¼Ki
� � 10�12N.
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Conclusions

We have performed a detailed simulation study of a nematic film with random pla-
nar boundary condition by using a simple Gruhn-Hess-Romano-Luckhurst
pseudo-potential which take into account the elastic anisotropy of the system. We
have considered different combinations of the elastic constants to verify their relative
importance on the formation of various optical patterns.

We have shown that the bend and splay anisotropies are responsible of the cre-
ation of defects which are not allowed when the twist distortion dominates. We
notice that some of the considerations reported here could be obtained by comparing
the explicit expressions for free energy of the various types of defects in the bulk
[12,23]. However the simple technique reported here allows a simple consideration
of the effect of boundary conditions and thickness.
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